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a b s t r a c t 

We introduce a theoretical framework for estimating, comparing and interpreting mechanistic hypotheses on 

long term protein propagation across brain networks in neurodegenerative disorders (ND). The model is ex- 

pressed within a Bayesian non-parametric regression setting, where mechanisms of protein dynamics are inferred 

by means of gradient matching on dynamical systems (DS). The Bayesian formalism, combined with stochastic 

variational inference, naturally allows for model comparison via assessment of model evidence, while provid- 

ing uncertainty quantification of causal relationship underlying protein progressions. When applied to in–vivo 

AV45-PET brain imaging data measuring topographic amyloid deposition in Alzheimer’s disease (AD), our model 

identified the mechanisms of accumulation, clearance and propagation as the best suited DS for bio-mechanical 

description of amyloid dynamics in AD, enabling realistic and accurate personalized simulation of amyloidosis. 
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. Introduction 

It is common hypothesis that while under normal conditions an effi-

ient clearance process allows the brain to control the accumulation of

oxic misfolded proteins, in neurodegenerative disorders (ND) the equi-

ibrium between accumulation and clearance is broken ( Bateman et al.,

006 ). In this case, misfolded proteins may aggregate in plaques,

ventually propagating between regions, leading to cellular dysfunc-

ion, disruption of synaptic connections, and neuronal loss ( Soto and

ritzkow, 2018 ). Despite the involvement of distinct proteins in different

D, the process of protein misfolding is thought to remain similar, al-

hough still not completely understood ( Editorial, 2018; Sweeney et al.,

017 ): proteins aggregates could self–propagate and subsequentially

pread the pathology between cells and tissues along pathways largely

verlapping with functional or structural brain networks ( Brettschneider

t al., 2015; Fornito and Bullmore, 2015; Jucker and Walker, 2013 ). 

While a comprehensive model describing protein dynamics on the

hole brain and along the whole span of the diseases is still missing,

he current dominant paradigm for the study of proteinopathies in–vivo

onsists in associations analysis. For example, the relationship between

athological states and protein burden in the brain is usually quanti-

ed by means of correlation or regression models ( Hansson et al., 2018;

elzer et al., 2019; Müller et al., 2019; Näslund et al., 2000; Palmqvist

t al., 2014; Rentz et al., 2010 ). Nevertheless, findings issued from these
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tudies shed rather limited insights about the pathophysiological mech-

nisms underlying the observations. 

Orthogonal analysis paradigms are based on simulations, and have

een proposed to investigate the dynamics of disease progression from

 mechanistic point of view. The ambition of these approaches consists

n discerning the generative spatio–temporal physical processes under-

ying the observations. These models thus offer the possibility to in-

estigate the pathology from a causal perspective formalized through

io–mechanical relationships among observations ( Iturria-Medina et al.,

017; Zhou et al., 2012 ). For example, a variety of generative models

ased on dynamical systems (DS) has been proposed for describing the

inetics governing the dynamical processes of accumulation, clearance

nd propagation of proteins ( Cauda et al., 2018; Iturria-Medina et al.,

014; Oxtoby et al., 2017; Raj et al., 2015; 2012; Weickenmeier et al.,

018 ). DS define protein kinetics through (typically very large) systems

f non–linear differential equations (ODE) which encode the underly-

ng bio–mechanical processes in a set of kinetic parameters governing

he system. 

Many DS models define the propagation dynamics through diffusion

quations ( Cauda et al., 2018; Raj et al., 2015; 2012 ). This modelling

hoice allows to reduce the number of parameters to be estimated, but

omes at the expenses of an oversimplification of the dynamics gov-

rning the dynamical processes of protein propagation. Indeed, while

he pathological kinetics may be assimilated to diffusive processes in
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hort term observations, the long term evolution of NDs are unlikely to

ave diffusive properties. For example, the asymptotically constant be-

aviour of NDs may not be described by the stationary and constant rate

f change specified by diffusion equations. With the aim of overcom-

ng this drawback, more recent works describe the processes of protein

isfolding by combining classical population dynamics equations with

nisotropic diffusion to describe constant and simultaneous propagation

nd aggregation ( Weickenmeier et al., 2018 ), or by developing DS with

rotein concentration-dependent effects ( Garbarino et al., 2019a ). 

Prediction and personalisation stem naturally from the ordinary dif-

erential equation structure of DS, which allows extrapolation from

nown initial conditions and prescribed kinetic parameters. When

tudying brain protein measurements in–vivo, the possibility of compar-

ng models issued from different DS is of paramount importance for in-

estigating the bio–mechanical hypotheses underlying disease progres-

ion. This is a crucial aspect, for observational data can be equally well

escribed by conceptually different mechanistic hypotheses, and is es-

ecially important in the clinical setting, when direct intervention on

he brain system is ultimately not possible. Unfortunately, since DS are

sually identified by a large number of kinetic parameters and different

elationship across variables, a consistent theoretical framework for DS

omparison is often missing. 

Another source of complexity in the modeling of protein propaga-

ion in–vivo arises from the lack of a precise definition of the time axis,

hus preventing models of disease dynamics to reproduce patterns of

rotein propagation compatible across the entire history of ND. A well–

efined temporal reference is indeed not available in typical longitudi-

al data sets of ND: the patient’s time of onset is generally unknown,

hile the rate of pathological progression is highly variable across in-

ividuals. Moreover, ND are commonly studied through observational

tudies focusing on specific clinical stages, collecting individual mea-

urements over a limited time–span, resulting in few time–points col-

ected for each subject. To overcome the problem of modeling short term

easurements with undefined temporal reference, several data–driven

isease progression models (DPM) have been proposed ( Donohue et al.,

014; Garbarino et al., 2019b; Jedynak et al., 2012; Lorenzi et al., 2017;

arinescu et al., 2019b; Schiratti et al., 2015; Villemagne et al., 2013;

oung et al., 2014 ), based on the concept of self–modeling regression

 Lawton et al., 1972 ). These approaches allow to reconstruct biomark-

rs trajectories along an ideal long term disease progression by optimally

stitching ” together short term individual measurements. Each subject is

hen characterized by specific time parameters quantifying their patho-

ogical stage with respect to the estimated long term group–wise evolu-

ion. These models provide a description of temporal progression across

iomarkers, usually expressed in terms of regression curves, or event

rderings, without however elucidating the kinetics and relationships

cross them. This aspect indicates a limited ability of DPM in providing

n understanding of the pathological mechanisms. 

To date, no modeling framework allows inference and comparison of

echanistic hypotheses of protein processes across the long term evo-

ution of ND. The problem is challenging since it requires to simultane-

usly account for short term observations to reconstruct the long term

isease progression, and to estimate the kinetic parameters specified by

igh dimensional dynamical systems. 

In this study we tackle this issue by formulating Gaussian process

rogression modeling for dynamical systems (GPPM–DS): a framework

or specifying hypothetical models of protein dynamics, fitting them to

he data and comparing their evidence through Bayesian model compar-

son. As a result, we can identify the most plausible dynamics underlying

he measurements, and provide an interpretable model of the potential

ausal relationship across variables. This framework enables to formal-

ze and test novel hypotheses on disease dynamics, and to challenge

hem against alternative ones. This idea introduces a paradigm shift in

he analysis of neurodegeneration in neuroimaging data analogous to

he one brought by Dynamic Causal Modeling Friston et al. (2003) for

he hypothesis–driven analysis in functional neuroimaging. Compared
2 
o this latter framework, here we tackle the additional problem of the

ack of a well–defined time axis for the pathology, and present a com-

letely novel theoretical framework for scalable inference. 

Overall, in this work we provide a framework for i) testing

ypothesis–driven models of protein dynamics against longitudinal

ata, ii) simulating protein propagation along the whole disease pro-

ression time span, and iii) predicting individual protein deposition in

nseen data. We test GPPM–DS on a variety of synthetic data and eval-

ate its performances in estimating protein evolution as well as kinetic

nd individual time parameters, for each proposed DS, as compared to

tandard DPM based on monotonic constraints ( Lorenzi et al., 2017 ).

esults on synthetic data can be found in the Supplementary Material. 

We then demonstrate GPPM–DS on the modeling of the evolu-

ion of cerebral amyloid protein accumulation from AV45–PET data of

lzheimer’s disease (AD) subjects from the ADNI data set. We show that

PPM–DS identifies the non–linear process of accumulation, clearance

nd propagation as the best suited DS for bio–mechanical description of

myloid dynamics. 

. Methods 

GPPM–DS is described as a Bayesian non–parametric constrained re-

ression problem ( Section 2.1 ), where constraints are imposed on the

ynamics of protein evolution and are given by a DS for protein dynam-

cs ( Section 2.2 ), while the long term data are reconstructed from short

erm observation by using time reparametrization techniques typical of

he DPM framework. 

Bayesian inference techniques are used to solve the GPPM–DS prob-

em ( Section 2.3 ). Specifically, we determine a lower bound for the

enerally intractable model posterior. We resort to optimizing an ap-

roximation of the marginal function, and imposing sparsity constraints

n the model parameters. Efficient optimisation is performed through

tochastic gradient descent via backpropagation and mini–batch opti-

isation. 

.1. Bayesian non–parametric constrained regression framework 

Let us assume to have 𝑆 subjects ( 𝑠 = 1 , … , 𝑆), each one with as-

ociated measurements of protein concentrations 𝐘 

𝑠 , at different brain

egions and at different time–points over a short term time span 𝐭 𝑠 =
 𝑡 𝑠 1 , … , 𝑡 𝑠 

𝑇 𝑠 
} , where 𝑇 𝑠 denotes the total number of measurements for

 given subject 𝑠 . We then assume that each individual measurement

s obtained with respect to an absolute time–frame 𝜏 through a func-

ion 𝑡 = 𝑔 𝑠 ( 𝜏) modeling the time–reparameterization with respect to the

ommon group–wise evolution. This means assuming that the short term

ime–points are obtained through reparametrization of some unknown

ime–points 𝜏𝑠 
𝑘 
∈ 𝐼 ⊆ ℝ over a long term span, such that: 

𝑔 𝑠 ∶ 𝐼 → 𝐽 𝑆 ⊂ 𝐼 

𝜏𝑠 
𝑘 
↦ 𝑡 𝑠 

𝑘 
= 𝑔 𝑠 

(
𝜏𝑠 
𝑘 

) (1) 

inally, we assume that the measurements 𝐘 

𝑠 are realizations of an un-

nown group–wise process 𝒇 , describing the temporal evolution of pro-

ein concentrations. According to these assumptions, we model the ob-

ervations 𝐘 

𝑠 via mixed–effect regression with time reparametrization:

 

𝑠 ( 𝑔 𝑠 ( 𝜏)) = 𝒇 ( 𝑔 𝑠 ( 𝜏)) + 𝝂𝑠 ( 𝑔 𝑠 ( 𝜏)) + 𝜖. (2)

 variety of models has been proposed to tackle this kind of regres-

ion problem, either via parametric or non–parametric techniques. Here

e use GP Progression Model ( Lorenzi et al., 2017 ), which is a non–

arametric Bayesian DPM describing 𝒇 as a Gaussian process (GP), and

 

𝑠 as a translation parameterized by an individual time–shift: 𝑔 𝑠 ( 𝜏𝑠 
𝑘 
) =

 

𝑠 
𝑘 
+ 𝑑 𝑠 . Finally, 𝝂𝑠 are assumed to be Gaussian random effects  (0 , 𝜙𝑠 ) .
We introduce constraints on the dynamics of the model, enforcing

he concentrations’ evolution to a general DS, governed by a functional

 𝜽, which depends on 𝑀 kinetics parameters { 𝜃𝑖 } 𝑀 

𝑚 =1 = 𝜽. This means
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pecifying a family of admissible functions whose derivatives evaluated

t points 𝐭 satisfy the DS: 

 = { 𝒇 ( 𝑡 ) ∶ �̇� ( 𝑡 ) =  𝜽( 𝒇 ( 𝑡 ) , 𝑡 )} . (3)

he GPPM–DS model is finally described as Eq. (2) subject to constraints

3) . 

.2. Dynamical systems for modeling misfolded proteins 

We introduce three different DS accounting for protein dynam-

cs: i) diffusion (Diff): a purely diffusive model of constant propaga-

ion, based on the work presented in Raj et al. (2012) ; ii) reaction–

iffusion (RD): a model where aggregation and propagation of pro-

eins are simultaneous, constant and opposite, and the total pro-

ess eventually reaches a plateau, to reproduce the DS proposed by

eickenmeier et al. (2018) ; and iii) accumulation clearance and prop-

gation (ACP): a model where propagation is triggered when the aggre-

ation saturates, and then both aggregation and propagation eventu-

lly reach a plateau ( Garbarino et al., 2019a ). The three chosen models

ffer a range of varying complexity in terms of understanding of the

nderlying pathology: from the simplest one (Diff), which allows to es-

imate purely diffusive effects of an hypothetical constant propagation

f proteins, to the most complex (ACP), which incorporates the effects of

ultivariate propagation, aggregation saturation and clearance. In this

ontext, the ACP model is related to the highest range of parameters

escribing protein propagation, and so potentially offers the highest ca-

acity in describing the pathological progression. We aim at identifying,

mongst these three models, the one that best explain the dynamics of

he data, while at the same time accounting for model complexity. 

Here we consider the brain as a system of 𝑁 interconnected regions,

here each region 𝑖 ( 𝑖 = 1 , … , 𝑁) is characterized by its concentration

f proteins 𝑓 𝑖 ( 𝜏) along the whole long term time interval 𝐼 . We describe

he network of brain connections as a graph, whose adjacency matrix is

enoted by 𝐴, its degree matrix by 𝐷, and the corresponding Laplacian

atrix by 𝐻 = 𝐷 − 𝐴 . In the following, ⊙ denotes the Hadamard product

etween either matrices or vectors. 

The three DS are defined as follows: 

𝐃𝐢𝐟𝐟 ∶ 
⋅
𝒇 ( 𝑡 ) =  𝜽𝐷 

( 𝒇 ( 𝜏) , 𝜏) 
= 

(
𝐴 ⊙ 𝐾 𝜽𝐷 

)
𝐻 𝒇 ( 𝜏) . 

(4) 

ere the matrix 𝐾 𝜽𝐷 
encodes region–wise, constant rates of protein

ropagation across adjacent regions and is described as 
(
𝐾 𝜽𝐷 

)
𝑖𝑗 
= 𝑘 𝑖𝑗 ,

here 𝑘 𝑖𝑗 is the (symmetrical) rate of propagation between regions 𝑖 and

. The Diff model is linear and produces patterns of protein concentra-

ion that accumulate indefinitely over time. The set of kinetic parame-

ers for the Diff model is 𝜽𝐷 = 

(
𝑘 𝑖𝑗 

)
. 

𝐑𝐃 ∶ 
⋅
𝒇 ( 𝑡 ) =  𝜽RD 

( 𝒇 ( 𝜏) , 𝜏) 
= 

(
𝐴 ⊙ 𝐾 𝜽RD 

)
𝐻 𝒇 ( 𝜏) + 𝑅 𝜽RD 

𝒇 ( 𝜏) ⊙ ( 𝝊 − 𝒇 ( 𝜏) ) . 
(5) 

his model includes both propagation and aggregation mechanisms,

hich are constant and simultaneous. We assume that no aggrega-

ion nor propagation occur in healthy conditions, while protein plaques

ggregation develops when the accumulation–clearance equilibrium

reaks. The model is comprised of two terms: a standard diffusion

erm 

(
𝐴 ⊙ 𝐾 𝜽𝑅𝐷 

)
𝐻 𝒇 ( 𝜏) for describing constant protein propagation

see above) and a reaction term 𝑅 𝜽𝑅𝐷 
𝒇 ( 𝑡 ) ⊙ ( 𝝊 − 𝒇 ( 𝜏)) for describing pro-

ein aggregation. The second term balances constant propagation with a

onstant aggregation term encoded by the matrix 𝑅 𝜽𝑅𝐷 
= 𝑘 𝑡 𝐼, where 𝑘 𝑡 

s the rate of total aggregation and is constant across regions. This term

ventually reaches a plateau when protein concentration get to a max-

mal concentration threshold 𝝊. This equation is known as the Fisher–

olmogorov equation ( Adomian, 1995 ). The set of kinetic parameters
3 
or the RD model is 𝜽𝑅𝐷 = 

(
𝑘 𝑖𝑗 , 𝑘 𝑡 , 𝝊

)
. 

𝐀𝐂𝐏 ∶ 
⋅
𝒇 ( 𝜏) =  𝜽ACP 

( 𝒇 ( 𝜏) , 𝜏) 
= 

(
𝐴 ⊙ 𝐾 𝜽ACP 

( 𝒇 , 𝜏) 
)
𝐻 𝒇 ( 𝜏) + 𝑅 𝜽ACP 

( 𝒇 , 𝜏) 𝒇 ( 𝜏) 
(6) 

he ACP model describes the three processes of accumulation, clear-

nce and propagation of proteins allowing for non–constant effects. We

ssume again no aggregation nor propagation to occur in healthy con-

itions, and aggregation to develop when the accumulation–clearance

quilibrium breaks. The propagation term 𝐾 𝜽𝐴𝐶𝑃 
is concentration–

ependent: the toxic protein concentration in each region saturates

hen reaching a first critical threshold 𝜸 = ( 𝛾1 , … , 𝛾𝑁 

) , and subse-

uently triggers propagation towards the connected regions. Propa-

ation also reaches a plateau when passing a second critical thresh-

ld 𝜼 = ( 𝜂1 , … , 𝜂𝑁 

) . This can be modeled by setting 
(
𝐾 𝜽𝐴𝐶𝑃 

)
𝑖𝑗 
=

 𝑖𝑗 𝐴𝐶𝑃 
( 𝒇 ( 𝜏) , 𝜸, 𝜼) , where 𝑘 𝑖𝑗 𝐴𝐶𝑃 

are sigmoid functions of the constant

ropagation rates 𝑘 𝑖𝑗 

 𝑖𝑗 𝐴𝐶𝑃 
( 𝑓 𝑗 ( 𝜏) , 𝛾𝑗 , 𝜂𝑗 ) = 

𝑘 𝑖𝑗 (
1 + 𝑒 − 𝑙 1 ( 𝑓 𝑗 ( 𝜏)− 𝛾𝑗 ) 

)(
1 + 𝑒 𝑙 2 ( 𝑓 𝑗 ( 𝜏)− 𝜂𝑗 ) 

) . (7)

or the aggregation term 𝑅 𝜽𝐴𝐶𝑃 
, we hypothesize a similar

oncentration–dependent threshold above which the total aggregation

rocess reaches a plateau. In this context, 
(
𝑅 𝜽𝐴𝐶𝑃 

)
𝑖𝑗 

is re–written as 

𝑅 𝜽𝐴𝐶𝑃 

)
𝑖𝑗 
= 

{ 

𝑘 𝑡 𝐴𝐶𝑃 
( 𝒇 ( 𝜏) , 𝜼) if 𝑖 = 𝑗 

0 otherwise ; 
(8) 

here 

 𝑡 𝐴𝐶𝑃 
( 𝑓 𝑖 ( 𝜏) , 𝜂𝑖 ) = 

𝑘 𝑡 

1 + 𝑒 𝑙 2 ( 𝑓 𝑖 ( 𝜏)− 𝜂𝑖 ) 
. (9)

he key difference with the previous RD model, is that the ACP model

oes not assume aggregation and propagation to be simultaneous nor

onstant, but rather hypothesizes the existence of critical values of pro-

ein concentrations, different for each region, at which the regional con-

entrations saturate and subsequently trigger propagation. The set of

inetic parameters for the ACP model is 𝜽𝐴𝐶𝑃 = 

(
𝑘 𝑖𝑗 , 𝑘 𝑡 , 𝜸, 𝜼

)
. 

Fig. 1 shows examples of Diff, RD and ACP models with varying

ey parameters on a toy data set of 𝑁 = 3 synthetic brain regions. In

ig. 1 A), for the linear Diff model, the highest the rates of propagation

 𝑖𝑗 , the fastest the proteins travel amongst the simulated brain regions,

hose protein concentration tend to balance over time. Fig. 1 B)-C) show

rajectories obtained by varying the 𝑘 𝑖𝑘 (1B) and 𝝊 (1C) parameters for

he RD model (while the other parameter is kept constant). When 𝑘 𝑖𝑗 in-

reases, the model predicts a behaviour similar to the Diff model in 1A),

ith fastest propagation amongst region and concentration trajectories

hat balance over time. In Fig. 1 C) we note how accumulation reaches

 plateau once the maximal concentration threshold parameter 𝝊 is hit.

ig. 1 D)-F) show protein trajectories predicted by the ACP model with

arying parameters. At increasing 𝑘 𝑖𝑗 again correspond fastest propaga-

ion amongst regions (1D), while when varying the 𝑙 1 and 𝑙 2 parameters,

he trajectories display an increasingly sigmoidal shape (1E). Finally,

hen the parameters 𝜸 and 𝜼 increase, the concentrations saturate, trig-

ering propagation, and reach a plateau, later in the progression (1F). 

.3. Inference 

Solving the GPPM–DS system of Eqs. (2) and (3) requires inference

f the kinetic parameters 𝜽, the group–wise dynamics 𝒇 , and, for each

ubject 𝑠, of the parameters of the individual random effects 𝝓𝑠 and of

he time–shift parameters 𝑑 𝑠 . We first define 𝑭 𝑠 as the realization of 𝒇 

t times 𝒕 𝑠 , and �̇� 
𝑠 

as the set of realizations of 𝒇 and of its derivatives at

generally different) times 𝒖 𝑠 . To ease the notation, we assume both 𝒇 

nd its derivatives to have realizations on the same time–points 𝒕 𝑠 , but

omputation extends easily to more complex scenarios. We also indicate

y 𝑭 , 𝝂, �̇� , 𝒅 and 𝝓 the collections of 𝑭 𝑠 , 𝝂𝑠 , �̇� 
𝑠 
, 𝑑 𝑠 and 𝜙𝑠 for all
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Fig. 1. Examples of Diff, RD and ACP models with varying key parameters on a toy data set of 𝑁 = 3 synthetic brain regions. A) Diff model with varying rates of 

propagation 𝑘 𝑖𝑗 . For each biomarker, 𝑘 𝑖𝑗 is a random realisation from a Gaussian centered in (from left to right): 0.05, 0.5 and 1. B) RD model with varying rates of 

propagation 𝑘 𝑖𝑗 . For each biomarker, 𝑘 𝑖𝑗 is a random realisation from a Gaussian centered in (from left to right): 0.05, 0.5 and 1. The threshold parameter 𝝊 is set 

at 1. C) RD model with varying threshold parameter 𝝊. For each biomarker, 𝝊 is a random realisation from a Gaussian centered in (from left to right): 0.5, 1 and 

3. The 𝑘 𝑖𝑗 parameters are set at 0.5. D) ACP model with varying rates of propagation 𝑘 𝑖𝑗 . For each biomarker, 𝑘 𝑖𝑗 is a random realisation from a Gaussian centered 

in (from left to right): 0.05, 0.5 and 1. The threshold parameters 𝜸 and 𝜼 ares set at 0.6 and 0.9 respectively. The sigmoid parameters 𝑙 1 and 𝑙 2 are set at 3. E) ACP 

model with varying sigmoid parameters 𝑙 1 and 𝑙 2 . For each biomarker, 𝑙 1 and 𝑙 2 are a random realisation from a Gaussian centered in (from left to right): (0 . 5 , 0 . 5) , 
(3 , 3) and (5 , 5) . The 𝑘 𝑖𝑗 parameters are set at 0.5. The threshold parameters 𝜸 and 𝜼 are set at (0 . 6 , 0 . 9) . F) ACP model with varying threshold parameters 𝜸 and 𝜼. For 

each biomarker, 𝜸 and 𝜼 are a random realisation from a Gaussian centered in (from left to right): (0 . 1 , 0 . 3) , (0 . 6 , 0 . 9) and (2 , 3) . The 𝑘 𝑖𝑗 parameters are set at 0.5. The 

sigmoid parameters 𝑙 1 and 𝑙 2 are set at 3. 

4 
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L  
he subjects ( 𝑠 = 1 , … , 𝑆). Following Lorenzi and Filippone (2018) and

utajar et al. (2017) , we describe the constrained regression problem

n a Bayesian setting and solve the inference problem for 𝜽 and 𝑭 by

etermining a lower bound for the marginal 

𝑝 ( 𝐘 , |𝝓, 𝒅 , 𝐭, 𝜖, 𝜁 ) = ∫ 𝑝 ( 𝐘 |𝑭 , 𝝓, 𝒅 , 𝐭, 𝜖) 𝑝 
(|�̇� , 𝜽, 𝒅 , 𝐭, 𝜁)

𝑝 
(
𝑭 , �̇� |𝝓, 𝒅 , 𝐭 

)
𝑝 ( 𝜽) 𝑑 𝑭 𝑑 �̇� 𝑑 𝜽, 

(10) 

here 

 ( 𝑭 , �̇� |𝝓, 𝒅 , 𝐭 ) 𝑑 𝑭 = 𝑝 ( ̇𝑭 |𝑭 ) 𝑝 ( 𝑭 |𝝓, 𝒅 , 𝐭 ) . (11)

nalogously to Lorenzi and Filippone (2018) , we assume the two like-

ihood terms (the data fidelity term 𝑝 ( 𝐘 |𝑭 , 𝝓, 𝐭, 𝒅 , 𝛜) and the constraint

erm 𝑝 ( ℋ |�̇� , 𝜽, 𝐭, 𝒅 , 𝛇) ) to be respectively Gaussian and Student–t with

espective variance and scale parameters 𝜖 and 𝜁 . 

Due to the general intractable form of (10) , we approximate the GP 𝑭 

ia random features (RF) expansion ( Rahimi and Recht, 2008 ). Specifi-

ally, a GP with radial basis function covariance can be expressed as 𝑭 ≈
 ( 𝐭𝛀) 𝐖 , where 𝛀 is a linear projection of the input 𝐭 into the RF space

pecified by trigonometric activation functions ℎ ( ⋅) = ( cos ( ⋅) , sin ( ⋅)) , and

 are the regression parameters ( Cutajar et al., 2017 ). Such approx-

mation extends to the derivatives of the GP thanks to the chain rule

 Lorenzi and Filippone, 2018 ). As a result, both GP realization and its

erivatives can be identified by the same parameters 𝐖 and 𝛀. 

The RF approximation allows to replace inference on 𝑭 with in-

erence on 𝐖 and 𝛀. Following Cutajar et al. (2017) , we optimize

10) through variational inference of 𝐖 and 𝜽, and assume 𝛀 to be

ampled from the prior with fixed randomness. This leads to the opti-

ization of the following lower bound of the log–marginal (or evidence

ower bound, ELBO): 

𝑙𝑜𝑔 ( 𝑝 ( 𝐘 , |𝝓, 𝒅 , 𝐭, 𝜖, 𝜁 ) ) ≥ 𝐸 𝑞 ( 𝐖 ) 
[
log ( 𝑝 ( 𝐘 |𝛀, 𝐖 , 𝜙, 𝒅 , 𝐭, 𝜖) ) 

]
+ 𝐸 𝑞 ( 𝐖 ) 𝑞 ( 𝜽) 

[
log ( 𝑝 ( |𝛀, 𝐖 , 𝜽, 𝒅 , 𝐭, 𝜁 ) ) 

]
− DKL ( 𝑞 ( 𝐖 ) |𝑝 ( 𝐖 ) ) − DKL ( 𝑞 ( 𝜽) |𝑝 ( 𝜽) ) . 

(12) 

ere, we perform variational inference on the kinetic parameters 𝜽 and

roup–wise dynamics 𝑭 (and so 𝐖 ), while finding a maximum likeli-

ood estimate of time shift parameters 𝒅 and of the individual random

ffects 𝝓. The 𝐷𝐾𝐿 ( 𝑞|𝑝 ) term represents the Kullback Leibler divergence

etween the prior 𝑝 and the variational approximation 𝑞, and we as-

ume 𝑞( 𝐖 ) and 𝑞( 𝜽) to be Gaussians  ( 𝜇𝜽, 𝜎𝜽) and  ( 𝜇𝐖 

, 𝜎𝐖 

) . In this

ay the last two terms of Eq. (12) have closed forms ( Cutajar et al.,

017 ). Thanks to separability and analytical forms of likelihood and

𝐾𝐿 terms, the ELBO (12) can be optimized through stochastic gradient

escent via backpropagation and mini–batch ( Kingma et al., 2015 ). Full

ptimization is performed with stochastic gradient descent with adap-

ive moment estimation (Adam) ( Kingma and Ba, 2014 ), through the

lternate optimization of 

i) the approximated posterior over 𝐖 , GP parameters and random ef-

fects: 𝑞( 𝐖 ) , 𝜖 and 𝜙; 

ii) the individual time–shifts parameters 𝒅 ; 

ii) the approximated posterior over the kinetic parameters and likeli-

hood parameters of the constraints: 𝑞( 𝜽) and 𝜁 . 

.4. Sparsity on the kinetic parameters 

A well–known limitation of fitting non–linear DS concerns the iden-

ifiability of the associated kinetic parameters 𝜽. Here, inspired by pre-

ious work on dropout and variational dropout ( Antelmi et al., 2019;

ingma et al., 2015; Molchanov et al., 2017 ), we impose parsimonious

epresentations of the model kinetic parameters through sparsity con-

traints (sparse GPPM–DS). As we will see, sparse GPPM–DS sets to zero

he kinetic parameters which are associated with high estimated vari-

nce - parameters which can be considered un–identifiable, given the

bserved data. 
5 
It has been shown Kingma et al. (2015) that a way to impose sparsity

n Bayesian neural networks (i.e. regularize their weights 𝑤 ) is to use

he so–called local reparametrization trick: re–parametrize the Gaussian

pproximation 𝑞( 𝑤 ) ∼  ( 𝜇𝑤 , 𝜎𝑤 ) of the weights of the approximated

osterior 𝑝 ( 𝑤 ) as 𝑞 ( 𝑤 ) ∼  ( 𝜇𝑤 , 𝛼𝜇
2 
𝑤 
) , where 𝛼 is the dropout rate . The

uthors in Molchanov et al. (2017) proposed a form for the prior on

 consistent with the optimization of the ELBO associated with new 𝑞 :

he log–scale uniform function 𝑝 ( |𝑤 |) ∝ 1 |𝑤 | . In our case, we are inter-

sted in imposing sparsity constraints on the kinetic parameters 𝜽. For

his reason, we apply the local re–parametrization trick to the Gaus-

ian approximation of the posterior distribution of the kinetic param-

ters 𝑞( 𝜽) ∼  ( 𝜇𝜽, 𝜎𝜽) , obtaining 𝑞 ( 𝜽) ∼  ( 𝜇𝜽, 𝛼𝜇
2 
𝜽
) . This modification

romotes sparsity, as large values of 𝜃𝑖 correspond to large uncertainty

xpressed by the variance term 𝛼𝜇2 
𝜃𝑖 
, indicating that the associated ki-

etic parameter 𝜃𝑖 can be set to zero. In what follows, when using

parse GPPM–DS, the associated 𝐷 𝐾𝐿 ( ̃𝑞 ( 𝜽) |𝑝 ( 𝜽)) is computed accord-

ng to the numerical approximation as described in Molchanov et al.

2017) . 

.5. Simulation results 

We tested GPPM–DS in both sparse and full versions on a variety

f synthetic data sets and compared its performances in recovering ki-

etic parameters, simulated evolution and time reparametrization pa-

ameters, for each of the three proposed DS, as compared to standard

PM. 

As reference DPM, we implement a GPPM based on monotonic

onstraints (GPPM–mono) ( Lorenzi et al., 2017 ): it is, as the model

roposed in this work, a Gaussian process–based random effect mod-

lling of longitudinal progressions, and simply assumes a steady tem-

oral evolution of biomarkers from normal to pathological values, en-

orcing the biomarker trajectories to follow a monotonic behaviour.

PPM–mono provides us with a ”null progression ” hypothesis, in which

o propagation parameters are accounted for, while regions are sim-

ly assumed to steadily evolve from normal to pathological values.

pecifically (full details can be found in the Supplementary Material,

ection S1): 

1. we generated ground truth data using each of the proposed DS and

then attempt reconstruction using every GPPM–DS, demonstrating,

in terms of both RMSE and ELBO, that the candidate model is gen-

erally optimal when it corresponds to the ground truth DS (Supple-

mentary Section S1.1). 

2. We tested the variational dropout scheme for identifying zero–

valued kinetic parameters and demonstrate that the sparse model

has good accuracy in identifying such parameters (Supplementary

Section S1.2). 

3. We analyzed the performance of the sparse models in predicting un-

seen data as compared to the full models, demonstrating that they

perform similarly in terms of RMSE while requiring only a fraction

of parameters (Supplementary Section S1.3). 

Moreover, in order to probe whether the mechanistic inference is

ruly driven by biological dynamics, we performed a set of simulations

n which the ground truth data, generated using one of the propaga-

ion models, have been shuffled 100 times, thus obtaining 100 data sets

ith no biological signal (Supplementary Section S1.5). Then, we re-

onstructed with every GPPM–DS and showed that, in terms of ELBO,

he three models best reconstruct the data roughly the same number of

imes. These results show that under the null hypothesis of no biologi-

al signal underlying the spatial data, the models are roughly equivalent

rom the point of view of Bayesian model comparison. 

. Results 

GPPM–DS relies on the gradient-matching approach presented in

orenzi and Filippone (2018) that overcomes the issue of using
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Fig. 2. Schematic representation of the proposed GPPM–DS framework. Regional protein concentrations 𝒇 𝑖 and 𝒇 𝑗 are collected for 𝑘 subjects over a short term 

time span 𝒕 , encoded in a measurement array 𝐘 

𝑘 ( 𝒕 ) (A). The dynamics of such concentrations are described in terms of a functional  𝜽, with unknown parameters 𝜽, 

encoded in a dynamical system for the vector of concentrations 𝒇 (B). The proposed framework estimates such parameters encoding the strength of propagation (D) 

and the long term protein concentrations with respect to the estimated long term time axis (C). 
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ostly numerical integration procedures for inferring ODE parameters

 Macdonald and Husmeier, 2015 ), thus allowing scalable inference of

rotein progression jointly with associated kinetic parameters. The pro-

osed framework is formulated as a constrained regression problem in a

ayesian non–parametric setting, where the protein progression is mod-

led as a Gaussian process (GP), while bio–mechanical processes are de-

ned as constraints on the protein dynamics through DS expressed by

DE. The Bayesian setting allows for uncertainty quantification of the

rotein dynamics while, to achieve tractability, the inference problem

s solved via stochastic variational inference. The framework also pro-

ides a principled theory for model comparison via assessment of model

vidence: here we investigate use of the evidence lower bound (ELBO)

s a surrogate for model comparison. Fig. 2 shows a schematic repre-

entation of our framework. 

We propose GPPM–DS by comparing three different DS of amy-

oid protein dynamics in AD. We investigate a purely diffusive model

f constant propagation (Diff), based on the preliminary work of

aj et al. (2012) ; a reaction-diffusion model (RD), where aggregation

nd propagation of proteins are simultaneous, constant and opposite,

nd the total process eventually reaches a plateau, to reproduce the

S proposed by Weickenmeier et al. (2018) ; a non–linear accumula-

ion clearance and propagation model (ACP) ( Garbarino et al., 2019a ),

here propagation is triggered when aggregation reaches saturation,

nd then both aggregation and propagation reach a plateau. For each

S, GPPM–DS provides a complete description of the protein dynamics,

hich can be subsequently used for simulating and predicting proteins

hanges over time through forward integration. To address the ill–posed

ature of the identification of the DS parameters ( Saccomani, 2015 ), we

urther leverage on variational dropout techniques ( Antelmi et al., 2019;
 a  

6 
ingma et al., 2015; Molchanov et al., 2017 ) for imposing parsimonious

epresentations of the model parameters through sparsity constraints

sparse GPPM–DS). 

We show first that GPPM–ACP model outperforms the others in

erms of ELBO and predictive accuracy of amyloid deposition in unseen

ollow–up data. This is confirmed by the analysis of the null scenario

ase where the model is optimised with respect to the sole monotonic

onstraint of the trajectories (GPPM–mono) ( Lorenzi et al., 2017 ). Full

esults on GPPM–mono are shown in the Supplementary Material, Fig-

res S6 and S10 A). We then show that GPPM–ACP model allows bio-

echanical interpretation of amyloid dynamics in AD, while providing

lausible description of the pathological evolution. 

.1. Data acquisition and preprocessing 

We analyzed AV45–PET brain imaging data of 770 subjects from

DNI, with a total of 1477 longitudinal data points. The neuronal con-

ections along which protein propagation occurs is approximated by es-

imating the average structural connectomes from 24 young and healthy

olunteers of the HCP data set. In this case, the substrate for protein

ropagation is assumed to be unaffected by the pathology. 

HCP data: Data used in the preparation of this work were obtained

rom the MGH-USC Human Connectome Project database. We collected

D T1w and DTI of 24 age and gender–matched subjects. Details on

he selected subjects and the pipeline for structural connectome gener-

tion are described in Oxtoby et al. (2017) . We averaged the 24 con-

ectomes and obtained an average young, healthy connectome on 82

reeSurfer regions ( Desikan et al., 2006 ). For computational reasons,

nd in order to remove weak connections, we averaged left and right
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Table 1 

Socio demographic and clinical information for the ADNI study cohort at 

baseline (770 subjects). ADAS13: Alzheimer’s Disease Assessment Scale- 

cognitive subscale, 13 items; FAQ: Functional Assessment Questionnaire; 

MMSE: Mini-Mental State Exam; RAVLT learning: Rey Auditory Verbal 

Learning Test, learning item. 

Group CN- CN + MCI Dementia 

N (female) 173(87) 133(76) 307(124) 157(65) 

age (std) 73.2(6.5) 75.3(6.4) 73.0(7.3) 74.6(8.1) 

years education (std) 16.7(2.7) 16.3(2.5) 16.2(2.8) 15.8(2.6) 

APOE4 + (% positive) 26(15%) 56(42%) 190(62%) 105(67%) 

ADAS13 (std) 8.6(4.3) 9.2(4.3) 16.2(6.8) 28.8(9.2) 

FAQ (std) 0.3(1.3) 0.3(0.8) 3.1(3.8) 11.8(7.4) 

MMSE(std) 29.0(1.2) 29.0(1.2) 27.9(1.8) 23.8(2.5) 

RAVLT learning (std) 6.2(2.1) 5.7(2.5) 4.4(2.6) 2.0(1.8) 
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emispheres (remaining with 41 regions) and we set to 0 all the weights

elow the estimated average weights across nodes, and to 1 the weight

bove. 

ADNI data : The ADNI was launched in 2003 as a public-private part-

ership, led by Principal Investigator Michael W. Weiner, MD. The pri-

ary goal of ADNI has been to test whether serial Magnetic Resonance

maging (MRI), Positron Emission Tomography (PET), other biological

arkers, and clinical and neuropsychological assessment can be com-

ined to measure the progression of MCI and early AD. For up-to-date

nformation, see www.adni-info.org . 

We collected clinical, demographic and AV45-PET SUVr data from

he adnimerge package (adni.bitbucket.io ( The Alzheimer’s Disease

euroimaging Initiative, 2019 )) for subjects with diagnosis label ”De-

entia ”, Mild Cognitive Impairment ” (MCI) or ”Cognitively Normal ”

CN). As we are interested in modeling amyloid evolution in well pheno-

yped Alzheimer’s trajectories, we selected, among the MCI or Dementia

ubjects, only the one effectively displaying amyloid accumulation. On

he other hand, we selected the whole cohort of CN (both amyloid pos-

tive: CN+ and amyloid negative: CN-), in order to maximize the time–

pan of the data. The threshold for amyloid positivity was established

t amyloid level in the cerebrospinal fluid < 192 ng/l ( Almdahl et al.,

017 ). The information was extracted from the adnimerge R package

MEDIAN field of the upennbiomkmaster table). ADNI AV45-PET SUVr

ata are already computed on a brain anatomical parcellation estimated

ith the software Freesurfer ( Desikan et al., 2006 ), and normalized

gainst cerebellar uptake. For each region we discarded white matter,

entricular and cerebellar regions, remaining with 82 regions, and aver-

ged the SUVr of each region from both hemispheres, remaining with 41

egions. Demographic and clinical details are shown in Table 1 . Finally

e split the data set in two parts. A training data set 𝐷 1 was defined by

ncluding all the longitudinal data for each subject up to the second-to-

ast time points. The remaining time–points were included in a testing

ata set 𝐷 2 . Subjects with one measurement only were included in 𝐷 1 .

he resulting data set 𝐷 1 includes 984 longitudinal measures; 𝐷 2 con-

ains 493 cross-sectional measures. We run the models on 𝐷 1 , estimating

rotein dynamics, GP parameters and individual time–shifts, and used

 2 to validate model predictions. 

.2. GPPM–DS for modeling amyloid deposition in Alzheimer’s disease 

The proposed GPPM–DS framework can be effectively used to com-

are different hypotheses of protein kinetics. We analyze AV45–PET

ata with three different kinetic models, whose mathematical descrip-

ion can be found in the Method Section 4.2: Diff model of Eq. (4) , RD

odel of Eq. (5) and ACP of Eq. (6) . We use the ELBO as surrogate

or model comparison (as for the synthetic data, see Supp. Mat.): we

ompared the ELBO while training of 𝐷 1 , and the RMSE for prediction

n the unseen data ( 𝐷 2 ). We computed the RMSE for each individual

rediction (averaging over the biomarkers), and bootstrapped over the

inetic parameters 100 times, obtaining RMSE distributions. Individual
7 
redictions on 𝐷 2 are performed by forward integration of the asso-

iated dynamical system with the estimated kinetic parameters, from

iven initial conditions (the individual baseline values) for the sparse

odel (i.e. having removed the kinetic parameters with dropout thresh-

ld of 𝑝 < 0 . 65 , see synthetic data results, Supp. Mat.). 

GPPM–ACP model has best performances according to both ELBO

nd predictive accuracy on follow-up data ( Table 2 ). 

The GPPM–Diff model produces the worst RMSE for prediction,

hich may be due to the unrealistic patterns of indefinite accumula-

ion that the underlying dynamical system allows for. Table 2 also re-

orts RMSE for prediction for each disease status. Results are consistent

cross diagnosis for GPPM–ACP and GPPM–RD, while for GPPM–Diff

redictions deteriorate sensibly for MCI and AD subjects. 

The last line of Table 2 reports results for the null model (GPPM–

ono), which produces the worst ELBO. Moreover, by not estimating

ny dynamical system, it does not provide individual predictions on 𝐷 2 
ia forward integration, and so the RMSE on prediction is not provided.

Fig. 3 shows long term trajectories estimated with the three mod-

ls on three sample regions of interest, precuneus, supramarginal and

ingual, over the estimated long term time axis (roughly 25 years). The

hree regions of interest were selected to be representative of, respec-

ively, early, intermediate and late disease progression (times in which

egions reach abnormality are shown in Fig. 5 ). We note that while the

stimated long term trajectories may appear similar across DS, the un-

erlying dynamic properties are different by construction. Fig. 3 also

hows individual measurements, colored according to the diagnosis and

hifted according to the estimated time reparametrization parameters.

hese parameters are similar across DS, and produce similar diagnostic

eparation (Supp. Fig. S10). The long term trajectories of the whole set

f regions are in Supp. Figs. S7,–S9 (S6 for the GPPM–mono model). We

ote that most regions show an initial plateau at 10 years, and only few

re still accumulating amyloid in the time-span estimated by the mod-

ls. Plots of the RMSE distributions for the individual predictions of the

PPM–DS models across biomarkers are in Supp. Figures S11, S12 and

13. 

.3. GPPM–ACP: kinetic parameters and propagation pathways 

For each region 𝑖, the GPPM–ACP model estimates saturation ( 𝛾𝑖 )

nd plateau ( 𝜂𝑖 ) thresholds with associated variability ( Eq. (7 , Method

ection 4.2). The associated times to reach saturation and plateau can

e computed as 𝑡 𝛾𝑖 such that 𝑓 𝑖 ( 𝑡 𝛾𝑖 ) = 𝛾𝑖 , and 𝑡 𝜂𝑖 such that 𝑓 𝑖 ( 𝑡 𝜂𝑖 ) = 𝜂𝑖 . 

Fig. 4 A) shows GP functions along with the estimated 𝛾𝑖 and 𝜂𝑖 for

hree brain regions (precuneus, supramarginal and lingual). The esti-

ated times 𝑡 𝛾𝑖 and 𝑡 𝜂𝑖 vary across regions and reflect the respective

ole in the process of amyloid deposition in AD. For instance, we note

ow the precuneus region saturates quite early, triggering propagation

o connected regions. This result is compatible with previous findings

n histo–pathological and imaging studies of amyloid deposition in AD

 Braak and Braak, 1991; Fantoni et al., 2018; Grothe et al., 2017; Murray

t al., 2015; Thal et al., 2018; 2002 ). The GPPM–ACP model also esti-

ates 𝑘 𝑖𝑗 𝐴𝐶𝑃 
, the region–wise time–dependent propagation parameters

escribing amyloid propagation among connected regions - see Eq. (7) ,

ethod Section 4.2. With reference to the red/purple/light blue vertical

ars in Fig. 4 A), Fig. 4 B) shows the connectomes where the edges’ col-

rs are proportional to the values of the estimated kinetic parameters.

he three regions of interest are highlighted, and we can observe that

ach region’s propagation is triggered when the region saturates, gets

tronger while propagation is ongoing, and finally reaches a plateau for

he regions that reach a plateau. Fig. 4 C) shows the same results as in

ig. 4 B), but the connectome is visualised as an adjacency matrix, where

ray/black cells correspond to present/missing connections amongst re-

ions, while colors for the lingual, precuneus and supramarginal connec-

ions are proportional to the values of the estimated kinetic parameters.

n animated version of Fig. 4 is available as Supp. data. 

http://www.adni-info.org
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Table 2 

RMSE mean (and std) for individual prediction on unseen data set 𝐷 2 and ELBO of the models 

while training on 𝐷 1 . Units for the RMSE is normalised AV45-PET UPTAKE. 

Model 

RMSE on prediction negative 

CN- CN + MCI AD average ELBO 

GPPM–Diff 0.38(0.20) 0.42(0.20) 0.43(0.22) 0.44(0.23) 0.42(0.22) -10122 

GPPM–RD 0.16(0.10) 0.17(0.10) 0.17(0.11) 0.17(0.11) 0.17(0.11) -11002 

GPPM–ACP 0.13(0.09) 0.13(0.09) 0.13(0.10) 0.13(0.10) 0.13(0.10) -11874 

GPPM–mono – – – – – -9975 

Fig. 3. Modeling amyloid deposition in Alzheimer’s disease. Long term trajectories and individual short term measurements estimated with the three GPPM–

DS models on three sample regions of interest: precuneus, supramarginal and lingual, selected to be representative of early, intermediate and late progression. 

Specifically: in A) results for GPPM–Diff of Eq. (4) ; B) results for GPPM–RD of Eq. (5) ; C) results for GPPM–ACP of Eq. (6) . The black solid line represents the average 

trajectory, while the red dashed ones ± 3 standard deviations. In blue CN- subjects, in orange CN+ subjects, in green MCI subjects and in red AD subject. 
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.4. GPPM–ACP: saturation thresholds as a proxy of time-to-abnormality 

The estimated kinetic parameters can be interpreted in term of dis-

ase progression, for example in terms of ordering in which regions be-

ome abnormal. Fig. 5 A) shows the regional ordering induced by the

ime to reach abnormality, measured as the time at which maximal sep-

ration between CN- and AD subjects was measured for that region.

ig. 5 B) shows the regional ordering induced by the estimated time to

each saturation 𝑡 𝛾𝑖 . The two orderings share a pattern compatible with

revious findings in amyloid deposition, reporting frontal and parietal

reas as the first regions involved in amyloid deposition ( Mawuenyega

t al., 2010; Rodrigue et al., 2012 ). This result highlights that the regions

hat first reaches saturation and start propagation are also the first one

o show abnormality. The last involved regions are the subcortical ones,

uch as the thalamus ( Irvine et al., 2008 ). 
8 
.5. GPPM–ACP: personalisation of protein dynamics 

For each subject, the DS structure of GPPM–ACP allows to integrate

he dynamics over time given an initial condition (the individual base-

ine measurements) thus obtaining a vector field governing forward and

ackward evolution in time associated with the individuals. Fig. 6 A)

hows the estimated vector field for the dynamics associated with two

egions of interest: precuneus and lingual. The field was obtained by in-

egrating the associated ACP dynamical system while setting the other

iomarkers constant to their mean values. We can appreciate the non–

inear dynamics of the ACP model. Given the baseline values, we fol-

ow the predicted dynamics over time associated with the variability on

he kinetic parameters. By plotting the subject’s follow-up data of the

esting data set 𝐷 2 , we note that the model can reliably predict the un-

een point. Specifics on the selected subject can be found in Supp. Table
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Fig. 4. Kinetic parameters and propagation pathway. A) Long term trajectories estimated by GPPM-ACP; mean saturation threshold parameters (horizontal dashed 

lines); mean plateau threshold parameters (horizontal dotted lines) and corresponding distributions on the 𝑦 –axis; for 3 regions of interest: precuneus (in blue), 

supramarginal (in orange) and lingual (in green). B) Estimated time–dependent propagation parameters to/from the 3 regions of interest along the associated 

anatomical connections, sampled at 3 times (corresponding to the red/purple/light blue vertical bars shown in A). The colors of the edges of the connectome are 

proportional to the values of the estimated kinetic parameters 𝑘 𝑖𝑗 𝐴𝐶𝑃 
, which is the region–wise time–dependent propagation parameters describing amyloid propagation 

among connected regions. Glass brain images obtained with Nilearn Abraham et al. (2014) (available at https://nilearn.github.io/ ). C) Estimated time–dependent 

propagation parameters to/from the 3 regions of interest overlaid on the binary adjacency matrix of the connectome, sampled at 3 times (corresponding to the 

red/purple/light blue vertical bars shown in A). The adjacency matrix shows black/gray entries for missing/present connections amongst regions. The colors of the 

entries ( 𝑖, 𝑗) describing connections to/from the three regions of interest are proportional to the values of 𝑘 𝑖𝑗 𝐴𝐶𝑃 
. 

Fig. 5. Saturation thresholds as a proxy of time-to-abnormality. A) Regional ordering, according to the time to reach abnormality, measured as the time at which 

maximal separation between CN- and AD subjects was measured for each region, with associated variability. B) Regional ordering, according to the time to reach 

saturation 𝑡 𝛾𝑖 and associated variability - see Eq. (7) , Method Section 4.2. In both panels, the 3 regions of interest - precuneus, supramarginal and lingual, are 

highlighted in blue, orange and green, respectively. 

9 
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Fig. 6. Personalisation of protein dynamics. For each subject, the DS structure of GPPM–ACP allows to integrate the dynamics over time given an initial condition (the 

individual baseline measurements), thus obtaining a vector field governing forward and backward evolution in time associated with the individuals. A) Streamlines 

for the estimated amyloid deposition dynamics of precuneus and lingual regions for a sample healthy individual converted to MCI at 8 years from baseline, and 

subsequently to AD at 10 years. Black lines: predicted dynamics. Red dashed lines: associated variability. Colored dots: 4 observed time–points at 4, 6, 8, 10 years. 

Star shaped point: unseen follow–up at 11 years; B) Predicted cumulative amyloid deposition for the time-points highlighted in A). Brain images obtained with 

BrainPainter ( Marinescu et al., 2019a ) (available at brainpainter.csail.mit.edu/ ). 
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10. Fig. 6 B) shows the predicted cumulative amyloid deposition in the

hole brain. An animated version of Fig. 6 is available as Supp. data. 

. Discussion 

We presented a framework for spatio–temporal modeling of protein

ynamics over brain networks from short term imaging data, which en-

bles the investigation of bio–mechanical hypotheses governing disease

rogression via Bayesian model comparison. The framework leverages

n Bayesian non–parametric regression techniques, and is coupled with

 variational inference approach for scalable inference, in this way pro-

iding uncertainty quantification of the kinetic parameters governing

rotein dynamics and of the long term ND progression. Constraints on

he protein dynamics are enforced via DS, naturally allowing predic-

ion of protein changes over time, and so ultimately enabling realistic

ersonalized simulation of pathological evolution. 

When applied to AV45-PET brain imaging data, our framework pro-

ides new insights on the mechanisms of amyloid deposition in AD, in-

icating the ACP model as the most accurate dynamical system for bio–

echanical interpretation of amyloid dynamics. The model provides

lausible simulations of protein propagation, and achieves accurate pre-

ictions of individual protein deposition in unseen data. 

Our results further indicate that fundamentally different propaga-

ion mechanisms can be associated with similar progression patterns.

his is a natural consequence of the ill-posed nature of the modeling

roblem tackled in this work. For this reason, the diagnostic separation

long the disease progression axis is mildly affected from the choice

f the underlying mechanistic process. This is confirmed by the analy-

is of the limit case where the model is optimized with respect to the

ole monotonic constraint of the trajectories (GPPM–mono). Although

ot associated with any specific mechanistic hypothesis, the diagnostic

eparation obtained with this simple model is still very similar. 

As implemented in our framework, Bayesian model comparison

hrough the inspection of the ELBO accounts for model complexity. In-

eed, highly parameterized models are automatically penalised by the
10 
ullback-Leibler divergence term, which scales with the number of pa-

ameters. This is a direct consequence of the fact that the lower bound is

 surrogate of the model evidence. To further mitigate the ill–posedness

ature of the modelling problem, we also introduced a sparsity con-

traint through variational dropout, which we have shown to enhance

odel parsimony by considerably reducing the number of effective pa-

ameters. For all these reasons, our theoretical setup provided us with

ormal and practical guarantees against overfit. As a demonstration of

his aspect, we also showed that the ELBO is associated with out of sam-

le predictive accuracy. 

We observe that, while we have implemented mechanistic models

ttempting to explain amyloid spread in humans based on common

nd ackowledged hypotheses ( Bateman et al., 2006; Soto and Pritzkow,

018 ), alternative hypotheses have been presented ( Whittington et al.,

018 ), describing the distribution of amyloid in Alzheimer’s disease as

he result of heterogeneous regional carrying capacities. 

We note that a limitation in the use of DS concerns the identifiabil-

ty of the kinetic parameters, whose analysis typically requires symbolic

omputation ( Chis et al., 2011 ) and can become prohibitive as the sys-

em size and non–linearity increase. In particular, while for linear dy-

amical systems there are well–established frameworks for establishing

ither structural, local, or data–driven identifiability, relying on either

he power series method ( Pohjanpalo, 1978 ) or the Laplace transform

 Delbary et al., 2016 ), proof of identifiability for general non–linear dy-

amical systems is still missing ( Saccomani, 2015 ). A number of meth-

ds has been proposed in recent years ( Thomaseth and Saccomani, 2018;

illaverde et al., 2016 ), for analyzing identifiability of sub–classes of

on–linear dynamical systems: to our knowledge however, no method

an deal with non–linear system with time–varying parameters, which

s, for instance, the case of the ACP model. Further, the proposed frame-

ork uniquely combines the DS with a disease progression models for es-

imating long term protein trajectories from short term data. This adds a

econd layer of parameters for which identifiability analysis is required:

he individual time parameters and the parameters for the protein trajec-

ories fit. Although we do not provide here formal investigation of iden-

http://brainpainter.csail.mit.edu/
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ifiability of the GPPM–DS framework, the proposed Bayesian frame-

ork naturally allows for uncertainty quantification on the model pa-

ameters. Also, we leverage on variational dropout techniques ( Antelmi

t al., 2019; Kingma et al., 2015; Molchanov et al., 2017 ) for imposing

arsimonious representations of the model parameters through sparsity

onstraints by means of the sparse GPPM–DS. From a biological per-

pective, imposing sparsity on the kinetic parameters implies retaining

nly the brain connections along which protein propagation is strong.

ince brain networks have ”small–world “ organization, segregation and

ntegration are balanced in such a way that connections are somehow

edundant - in this way, by retaining only connections along which prop-

gation is strong, we may be discarding weak paths while the flow of

ropagation could still able to reach the other regions. 

We assume here propagation to take place along the structural con-

ectome ( Crossley et al., 2014; Iturria-Medina et al., 2014; Prusiner,

012; Raj et al., 2015; Warren et al., 2013 ). Anatomical connectivity

etworks are a natural choice for propagation models as they estimate

hysical connections between brain regions, rather than the correlations

stimated in functional ( Ogawa et al., 1990 ) and gray matter struc-

ural covariance networks ( Alexander-Bloch et al., 2013 ). To estimate

he structural connectomes we rely on tractography, which is prone to

alse positive and negative connections ( Maier-Hein et al., 2017; Thomas

t al., 2014 ). Nevertheless, here we take an average connectome over

ultiple young and healthy subjects, which we believe can provide an

ccurate anatomical reference, although not accounting for the effects

f the disease on the connectome itself ( Oxtoby et al., 2017 ). Future

odels could approximate connectivity impairment arising from white

atter damage commensurate with amyloid deposition. Further, limi-

ations of current diffusion MRI tractography techniques makes it im-

ossible to consider non symmetrical connectivity matrices, and as a

onsequence anterograde or retrograde protein propagation processes,

hich could potentially present different dynamics. Nonetheless, one

ajor advantage of our framework is that it naturally allows the use

f different or complementary networks that provide directionality, as

MRI or EEG, by introducing a non–symmetrical graph adjacency ma-

rix 𝐴 and a non–symmetrical propagation matrix. 𝐾 𝜽. The caveat is

hat this would increase the total number of parameters to be estimated

y the model. Finally, we note that the chosen ADNI dataset is sub-

ptimal for longitudinal amyloid data analysis, as longitudinal amyloid

easurement is more stable when using a white matter reference region

 Brendel et al., 2015; Chen et al., 2015; Landau et al., 2015 ) and using

 longitudinal pipeline ( Reuter and Fischl, 2011 ). Similarly, the chosen

ataset precludes an investigation as to how resolution (i.e. number of

OIs)/atlas affects model fitting. 

The ideas we propose here may apply to a much larger range of neu-

ological diseases with proteinopathies and alternative models of propa-

ation. The proposed framework will be used in the future to investigate

 model of the natural history of AD, integrating a comprehensive panel

f biomarkers: imaging, cognitive, genetic and demographic data. To

his end, we aim at developing DS jointly accounting for biomarkers

f protein dynamics (including AV1451–PET for Tau accumulation in

D), hypometabolism and atrophy ( Abi-Nader et al., 2019 ). This exten-

ion would require the definition of appropriate mechanistic constraints

ithin- and across- different protein spreading processes. Of course, the

xperimental validation of this extension requires the availability of suf-

cient longitudinal samples. Also, the GPPM framework rests on the as-

umption of consistent regional propagation across individuals, which

s the case for amyloid protein ( Grothe et al., 2017 ), while tau as well as

RI-derived atrophy patterns are far more heterogeneous ( Murray et al.,

011; Tam et al., 2019 ). Future work could be devoted to study protein

inetics on more homogeneous subgroups or to explore the variability

mong different subgroups. 

Finally, the application of the model in clinical trials, although of

ertain interest, falls beyond the scope of the current study. A future

alidation of this framework with clinical partners is currently under

tudy. 
11 
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